Abstract. We study the ∂∂-lemma on projective bundles, blowups and product complex manifolds. We also discuss projective bundle formulas and blowup formulas of de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies on (not necessarily compact) complex manifolds.
Introduction
The ∂∂-lemma on a compact complex manifold X refers to that for every pure-type dclosed form on X, the properties of d-exactness, ∂-exactness,∂-exactness and ∂∂-exactness are equivalent while a compact complex manifold is called a ∂∂-manifold if the ∂∂-lemma holds on it. The most well-known examples are compact Kähler manifolds. All complex manifolds in the Fujiki class C are ∂∂-manifolds ( [10, 24] ) and not Kählerian in general. There also exist many examples which are not in C , see [4, 5, 6, 14] . In particular, D. Angella, T. Suwa, N. Tardini and A. Tomassini [6] provided such an example which is simply-connected. R. Friedman [11] recently proved the ∂∂-lemma holds on general Clemens manifolds.
The real homotopy type of a ∂∂-manifold is a formal consequence of its de Rham cohomology ring (cf. [10] ), which is a strong topological obstruction of the ∂∂-lemma property. The stability of this property under various geometric operations is an important issue. By this, we may construct examples and counterexamples of ∂∂-manifolds. The ∂∂-lemma property is stable under small deformations of the complex structure, see [26, 27, 7] . In this paper, we will consider this property under three operations: projective bundles, blowups and products.
The following two theorems were proved recently and we will reprove them from a little different viewpoints. Theorem 1.1. Let P(E) be the projective bundle associated to a holomorphic vector bundle E on a connected compact complex manifold X. Then P(E) satisfies the ∂∂-lemma, if and only if, X does.
Let π : P(E) → X be the projective bundle associated to the holomorphic vector bundle E of rank r on a connected (not necessarily compact) complex manifold X. Let O P(E) (−1) be the universal line bundle on P(E) and Θ(O P(E) (−1)) the Chern curvature of a hermitian metric on O P(E) (−1). Denote t π = i 2π Θ(O P(E) (−1)) ∈ A 1,1 (P(E)), namely, t π is a Chern form of O P(E) (−1). Evidently, t π is real, closed and h π = [t π ] ∈ H 2 (P(E), C) is the first Chern class of O P(E) (−1). Then
is an isomorphism for any k, cf. [26, Lemma 7 .32]. Let π : X → X be the blowup of a connected (not necessarily compact) complex manifold X along a connected complex submanifold Y . The exceptional divisor E = π −1 (Y ) is naturally identified with the projective bundle E = P(N Y /X ) associated to the normal bundle N Y /X of Y in X. Let t π| E be a Chern form of the universal line bundle O E (−1) on E and h π| E = [t π| E ] ∈ H 2 (E, C) the first Chern class of O E (−1). Denote by i E : E → X the inclusion and r = codim C Y . For any k,
gives an isomorphism 
Notice that π * h i π = 0 for 0 ≤ i ≤ r − 2 and (−1) r−1 for i = r − 1, see (2.7). Cupping up (2.3) with h r−l−1 π and then pushing it out by π * , we get
which in turn gives an expression of β k−2r+2 , β k−2r+4 , ..., β k−2l , ..., β k with α by the induction. Hence we express the inverse isomorphism of µ k with α. We can do the similar thing for ψ k . Before giving explicit expressions of the inverse isomorphisms of µ k and ψ k , we construct a series of polynomials with integral coefficients.
2.1. Polynomials P i (T 1 , ...., T r−1 ). We successively define P r−1 , P r−2 , P r−3 , ..., P 1 , P 0 by recursion relations
for 0 ≤ i ≤ r − 1. For example, 
For any nonzero
Proof. For k = 0, the lemma holds clearly. For l > 0, assume that the lemma holds for any k < l . Then
We complete the proof.
2.2.
The inverse isomorphisms of (2.1) and (2.2). For 0 ≤ i ≤ r − 1, define
is the inverse isomorphism of µ k .
(2) For every k,
gives the inverse isomorphism
Proof.
(1) Let t π be a Chern form and h π = [t π ] ∈ H 2 (P(E), C) the first Chern class of the universal line bundle O P(E) (−1) on P(E). Then
Indeed, π * t r−1 π is a closed smooth 0-form on X, hence a constant. For any x ∈ X,
where E x is the fiber of E over x. For the reason of degrees, π * h i π = 0 for 0
by the projection formula and (2.7). Then
(exchange sums)
(2) Let t π| E be a Chern form and
by the projection formula and (2.7). Since
Hence φ k • ψ k = id, which implies that φ k is the inverse isomorphism to ψ k .
on Dolbeault cohomologies as µ k , ν k and ψ k , φ k on de Rham cohomologies respectively, where we use (2.5) and (2.2), (2.6) respectively. As follows, we get formulas of projective bundles and blowups on Dolbeault cohomologies. 3. Proofs of Theorem 1.1 and 1.2 3.1. Characterization of ∂∂-manifolds. For a compact complex manifold X, a natural filtration on the complex A • (X) C of C-valued smooth forms on X is defined as
for all k, p, which give a spectral sequence (E
(X) and
We say that the Hodge filtration gives a Hodge structure of weight k on H k (X, C), if
and
P. Deligne, Ph. Griffiths, J. Morgan and D. Sullivan established the well-known theorem on the ∂∂-lemma and the Frölicher spectral sequence as follows. (1) X satisfies the ∂∂-lemma.
(2) (a) The Frölicher spectral sequence of X degenerates at E 1 , and (b) the Hodge filtration gives a Hodge structure of weight k on H k (X, C), for every k ≥ 0.
Remark 3.2. For a connected compact complex manifold X, denote by F p H k (X, C) the Hodge filtration and by b k (X), h p,q (X) the k-th Betti, (p, q)-th Hodge numbers respectively.
(
(2) The statement of Theorem 3.1 (2)(a) is equivalent to that
(X) for all k, p, and hence is equivalent to that
3.2. Notions in linear algebra. For an injective C-linear map φ : U → V of C-vector spaces, U can be viewed as a complex subspace (i.e., φ(U )) of V via φ. Suppose that U 1 , ..., U n , V are C-vector spaces and φ :
U i is an isomorphism, where
If there exsists an R-vector space K such that U = K ⊗ R C, we say that U is a C-vector space with real structure. A C-linear map φ : U → V of C-vector spaces with real structures is said to be real, if it is the complexification of an R-linear map of R-vector spaces, namely,
3.3. Projective bundles. Let π : P(E) → X be the projective bundle associated to a holomorphic vector bundle E of rank r on a connected compact complex manifold X. Via the isomorphism µ k or ν k , we have the internal direct sum
A part of the following lemma was actually proved in [6, Proposition 2]. We give a more direct proof here. Proof. In general, we have
Remark 3.2 (2), we get the lemma.
Lemma 3.4. Via the isomorphism µ k or ν k , we have the internal direct sum
where F • H k (X, C) and F • H k (P(E), C) are the Hodge filtrations on H k (X, C) and H k (P(E), C), respectively. Moreover,
for any p, q.
Proof. From the expressions (2.1) (2.5) (3.1), µ k (
. By Theorem 2.4 (1), µ k and ν k are inverse to each other, so we obtain (3.5). Since µ k is real,
By (3.4) and (3.6), we get Lemma 3.5. For a given k, the Hodge filtration gives a Hodge structure of weight k on H k (P(E), C), if and only if, the Hodge filtration gives a Hodge structure of weight k − 2i on H k−2i (X, C).
By Theorem 3.1, Lemmas 3.3 and 3.5, we easily get Theorem 1.1.
3.4.
Blowups. Let X be the blowup of a connected compact complex manifold X along a connected complex submanifold Y of complex codimension ≥ 2. Via the isomorphism ψ k or φ k , we have the internal direct sum
With almost the same way in Section 3.3, we can prove following results, where we use (2.2) and Theorem 2.4 (2) instead of (2.1) and Theorem 2.4 (1). Lemma 3.7. Via the isomorphism ψ k or φ k , we have the internal direct sum
where
Lemma 3.8. For a given k, the Hodge filtration gives a Hodge structure of weight k on H k ( X, C), if and only if, the Hodge filtrations give a Hodge structure of weight k on H k (X, C) and a Hodge structure of weight k − 2i on H k−2i (Y, C) for all 1 ≤ i ≤ r − 1.
Combining Theorem 3.1, Lemmas 3.6 and 3.8, we proved Theorem 1.2. The exceptional divisor of the blowup X of X along Y is biholomorphic to the projective bundle of the normal bundle of Y in X. Combining Theorems 1.1 and 1.2, we easily get Corollary 3.9. Let X be a blowup of a connected compact complex manifold X along a connected complex submanifold with the exceptional divisor E. Then X satisfies the ∂∂-lemma, if and only if, X and E do.
E 1 -quasi-isomorphisms
First, we recall some notions of the double complex and its cohomologies, see [22, Section 1] or [4, 21, 23] . A bounded double complex over C with real structure refers to a triple
q is a C-vector space with real structure,
K p,q are C-linear maps of bidegree (1, 0) and (0, 1) such that
Remark 4.1. In the present and next sections, the notions and results on bounded double complexes over C with real structures are also valid on more general bounded double complexes. For convenience, we only consider the case of bounded double complexes over C with real structures. See [21, 23] for the general case.
be the restrictions of ∂ 1 and ∂ 2 respectively. Define four kinds of cohomologies as follows
gives rise to a spectral sequence (E p,q r , F p H k (K)). We call it the Frölicher spectral sequence and F • H k (K) the Hodge filtration of the de Rham cohomology
A morphism of double complexes of bounded double complexes over C with real structures is called an E 1 -quasi-isomorphism, if it induces an isomorphism in Dolbeault cohomology, i.e., an isomorphism at [23, Lemma 11] ).
An
of Hodge filtrations of de Rham cohomologies for all k, p, since the Frölicher spectral sequences of bounded double complexes are biregular. Moreover, the Dolbeault cohomology determines the other three kinds of cohomologies (i.e., de Rham, Bott-Chern, Aeppli) in some sense by the following theorem, see also [3, 4] for special cases. Notice that all the following results hold for both Bott-Chern and Aeppli cohomologies by Theorem 4.2. We only prove them for the Bott-Chern cohomology.
Let π : X → X be the blowup of connected (not necessarily compact) complex manifold X along connected complex submanifold Y and E the exceptional divisor. Assume that i E : E → X is the inclusion. Let t π| E ∈ A 1,1 (E) be a Chern form of the universal line bundle
is a bounded complex over C with real structure. Define a morphism of bounded double complexes over C with real structures
where α ∈ A •,• (X) and
are isomorphisms for all p, q, i.e., ψ t is an E 1 -quasi-isomorphism. By Theorem 4.2, ψ t induces an isomorphism
where ∂ X ,∂ X and ∂ Y ,∂ Y refer to the partial differential operators on D ′•,• (X) and
where γ ∈ A •,• ( X) and
are isomorphisms for all p, q, i.e., φ t is an E 1 -quasi-isomorphism. By Theorem 4.2, φ t induces an isomorphism
BC (E) and 1 ≤ i ≤ r − 1. We summarize these results as follows. Remark 4.6. The E 1 -quasi-isomorphisms ψ t and φ t induce isomorphisms [19, 20] , where they introduced and developed their relative Dolbeault sheaves.
Let π : P(E) → X be the projective bundle associated to a holomorphic vector bundle E of rank r on a connected (not necessarily compact) complex manifold X and t π a Chern form of O P(E) (−1). Define two morphisms
of bounded double complexes over C with real structures, where
for any δ ∈ A •,• (P(E)). 5. The ∂∂-lemma on product complex manifolds 5.1. A proof of Proposition 1.3. Let α be a (p, q)-form on Y such that α = dβ for some β ∈ A p+q−1 (Y ). Then f * α ∈ A p,q (X) satisfies that f * α = d(f * β). Since X is a ∂∂-manifold, f * α = ∂∂γ for some γ ∈ A p−1,q−1 (X). For the nonzero constant f * Ω, set c = f * Ω. By the projection formula,
) induced by the identity is an isomorphism, so α is ∂∂-exact as a smooth form on Y . We complete the proof. 5.3. Applications of Proposition 1.3. Recall that, a morphism f : X → Y of complex spaces is said to be a Kähler morphism, if there exists an open covering U = {U α } of X and a system of smooth functions {p α ∈ C ∞ (U α )} satisfying that the restriction p α | Uα∩Xy is a strictly plurisubharmonic function for every y ∈ Y and p α − p β is a pluriharmonic function on U α ∩U β for every α, β, where X y = f −1 (y) is the fiber of f over y. Evidently, { √ −1∂∂p α } give a real closed (1, 1)-form ω f globally defined on X and the restriction ω f | Xy is a Kähler form on X y for every y. We call such an ω f the relative Kähler form of f . Projective morphisms (e.g. finite morphisms and blowups) are Kähler. See [12, 8, 25] for more details. Proof. Since X is r-Kählerian, there exists a closed transverse (r, r)-form Ω on X. The constant f * Ω = Xy Ω| Xy > 0 for any regular value y of f . We easily get the corollary by Proposition 1. A complex manifold X is 0-Kählerian, so we get a generalization of [10, Theorem 5.22] as follows (see [2, Theorem 2] for the case of compact complex orbifolds).
